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We consider, in the framework of general relativity, large 

masses consisting of identical baryons (whose mass is taken to 

be that of the neutron). Four assumptions are made as to their 

interactions, leading to four equations of state, and for each 
i *  

the masses and radii of a number of configurations are calcu- 

lated, for various values of the central number density. The 

relation of the mass to a parameter to (= 4sinh-'(&(31fn~)+, 

where no is the central number density) for the four equations of 

L state are strikingly similar. 
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gas  w i t h  no i n t e r a c t i o n .  

The f i r s t  a l t e r n a t i v e  i s  ( p o t e n t i a l  energy d e n s i t y )  - 
(number d e n s i t y )  6/s . 
of a common f e r i o n  co re  " i n s i d e "  a l l  baryons,  which then  l e a d s  t o  

1 a s t r o n g  repuls ion  ( p o t e n t i a l  a - ) when t h e  s e p a r a t i o n  i s  s m a l l  
ra 

and t h e  r e l a t i v e  angular  momentum i s  zero .  The second was 

( p o t e n t i a l  energy d e n s i t y )  a (number d e n s i t y ) a .  This  o r i g i n a t e d  

i n  a t heo ry  of Ze11dovicht961)Ln which baryons i n t e r a c t  v i a  a vec to r  

meson wi th  a mass. 

This o r i g i n a t e d  i n  a hypothes is  of Z e l  ' dovich(  1959) 

11. - The Equations of Hydros t a t i c  Equi l ibr ium 

It has  been shown t h a t  t h e  r e l a t i v i s t i c  equat ions  of h y d r o s t a t i c  

i 

I .  I n t r o d u c t i o n  

Seve ra l  d i scuss ions  have been given ( e . g . ,  Oppenheimer and 
Volkoff 1939: Cameron 1959- Saakyan 1963- Ambartsumyan and Saakyan 
1961: Ambartsumyan and Saakyan 1960) of t h e  problem of t h e  
s t r u c t u r e  of s t e l l a r  masses composed of e lementary 

p a r t i c l e s  a t  u l t r a  high d e n s i t i e s  (2 nuc lea r  d e n s i t y ) .  Such s t a r s  

a r e  c a l l e d  neutron s t a r s  (and a r e  s o m e t i m e s  c a l l e d  hyperon s t a r s ) .  

It seems a t  l e a s t  poss'ible t h a t  such s t a r s  exis t  i n  n a t u r e ,  pre- 

sumably a s  t h e  r e l i c s  of supernovae. Recent o r b i t a l  X-ray exper i -  

ments i n d i c a t e  t h a t  such s t a r s  might even e x i s t .  

I n  t h i s  connection it seemed worthwhile t o  cons ide r  whether 

c e r t a i n  simple a l t e r n a t i v e s  f o r  t h e  equat ion  of s t a t e  of t h e  p a r t i -  

cles could be j u s t i f i e d  on t h e o r e t i c a l  grounds,  and i f  so, whether 

t h e  r e s u l t s  would have any s i m i l a r i t y  t o  those  f o r  a p e r f e c t  Fermi 



equilibrium, are 

Here Mr is the (proper) mass inside a sphere of radius r; P the 

pressure; e the (proper) energy density, including the rest energy: 

c the velocity of light, G Newton's constant of gravitation; and 

r the distance from the center of the (isotropic) sphere. The 

equation of state is determined from the microscopic properties 

of the medium. 

r >> - GM , Eqndl) reduce to the familiar non-relativistic 

equations of hydrostatic equilibrium; We now introduce the units 

In the non-relativistic limit e + pc' and P << pea, 
then 

Ca 

(from Oppenheimer and Volkoff (1939)): 

(Tn these units the 

unit of mass is 9.29 M the unit of length 13-69 km., and the 

unit of energy density is (x)x(rest energy of a baryon)/(volume of 

a sphere of radius equal to Compton wavelength of baryon). We take 

0' 
1 
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% a s  t h e  neutron mass throughout.)  

of Oppenheimer and Volkoff (1939):. 

Eqns. (1) become t h e n  t h e  eqns.  

w i th  i n i t i a l  condi t ions  

u = o ,  t =  a t r = O  (5) 

corresponding t o  Mr = 0 ,  P = Pc i n  t h e  n o n r e l a t i v i s t i c  ca se .  

t i o n s  wi th  u < 0 a t  t h e  c e n t e r  cannot occur:  

t h e  d i s t a n c e  from t h e  c e n t e r ,  u a parameter which a t  t h e  boundary 

So lu -  
Oppenheimer and Volkoff (1939) 

r i s  
see I 

t a k e s  on t h e  value of t h e  observable  m a s s :  and t i s  r e l a t e d  t o  

t h e  (proper)  p a r t i c l e  d e n s i t y  by 

The r e p r e s e n t a t i o n  of n was f i r s t  used i n  s t e l l a r  c a l c u l a t i  n s  b 

mB i s  t h e  rest mass of one of t h e  ( i d e n t i c a l )  fermions composing 
,Chan8r a s e x h a j  

t h e  s t a r .  and P are energy d e n s i t y  and p r e s s u r e ,  known func t ions  

of t*. W e  wri te  

* These known func t ions  taken t o e h e r  c o n s t i t u t e  t h e  equat ion  

** W e  t ake  t h e  mass of t h e  ( i d e n t i c a l )  fermions as being equal  
of s t a t e .  

t o  t h e  neutron mass mB. 
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where c 

and e the potential energy density, and similarly for P. 

is the kinetic energy density including rest energy density 
T 

V 

The units are those of Oppenheimer and Volkoff (1939). 

111. mations of State 

In all cases 

% - - - q & t  4tr - t> 

and PT are 
The expressionsfor / the same as that given by Landau T 

and Lifshitz(1958)as one sees from Eqn. (2) . It is not that given 

by Chandrasekhar(l957),since the rest energy density is included, 

as it must be: at nuclear densities omission of it would make 

the parametric form of the equation of state inaccurate:(cf.Saakyan 1964) 
Y 

a, Oppenheimer and Volkhoff (1939); i 

e v  = Pv = 0 

This is simply the case of neutrons without interactions. 

b, Cameron( 1959)as modified by Saakyan (1963): 

*The non-relativistic limit, as one sees by expanding each 
expression in powers of t, is 
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This  i s  der ived  f r o m  a n u c l e a r  p o t e n t i a l  given by Skyrmel195g) 

which i s  based on t h e  many-body theo ry  of nuc lea r  m a t t e r .  A 

t h r e e  body e f f e c t i v e  p o t e n t i a l  i s  cons t ruc t ed  f r o m  which t h e  

p o t e n t i a l  energy d e n s i t y  is de r ived .  The p r e d i c t i o n s  of t h e  po- 

t e n t i a l  ag ree  w e l l  wi th  t h e  d a t a  from s c a t t e r i n g  experiments .  
(1959) 

c. Zel 'dovich d iscussed  t h e  hypothes is  t h a t  t h e  nuc lear  

r e p u l s i o n  ("hard  core ' ' )  i s  due t o  a common fermion " i n s i d e "  a l l  

baryons.  This l e d  t o  t h e  conclusion t h a t  f o r  d i f f e r e n t  or iden- 

t i c a l  baryons i n  S states  t h e r e  should appear a s t r o n g  r e p u l s i o n  

a t  smal l  d i s t n a c e s  wi th  a p o t e n t i a l  - k2/(2pR2) 
R t h e  s e p a r a t i o n ) .  

(p t h e  mass, 

W e  w r i t e  for t h e  two-body p o t e n t i a l  

q is  t h e  s t e p  func t ion  and b is  a number l i k e  t h e  range.  

n 

Assuming 

N > b-l  we g e t  f o r  t h e  p o t e n t i a l  energy of one p a r t i c l e  

W e  have no t  included t h e  r e s t r i c t i o n  t o  S states .  I n  an at tempt  



t o  do so, we say  t h e  average wave number, kAV, s a t i s f i e s  

/iAv = d 4 I 

W e  know t h a t  t h e  F e r m i  wave number s a t i s f i e s  

Then 

4 -  - I - '  
- B F  

or 

which c o n t r a d i c t s  ou r  previous assumption. W e  know, however, 

t h a t  t h i s  c a l c u l a t i o n  w i l l  g ive  the  c o r r e c t  dependence of on 

n and may hope t h a t  t h e  c o e f f i c i e n t  w i l l  no t  be t o o  f a r  o f f .  Com- 

b i n i n g  Eqns. (17) and (13) we g e t  

V 

f o r  t h e  energy of one p a r t i c l e .  

Reca l l i ng  gv E &Eb,, we o b t a i n ,  i n  our u n i t s ,  j u s t  

To g e t  Pv , use 
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to get 

(1961) 
d . Zel 'dovichAalso considered the question of the most 

rigid equation of state compatible with the theory of relativity. 

He showed that baryons interacting via a vector field mediated by 

massive quanta resulted in (assuming n -1/3 < -1) 
U 

m = h p  is the mass of the meson and g is the baryonic charge of 

the baryons. (We take c = 1.) Again using gV =BG,and Eqn.(20), 

and defining 

we get (in our units) just 

Zel'dovich also assumed, and it is material to his argument, that 

He has taken, too, t;-=,&l"#, but he states clearly that this 

is an approximation; for exactness we must use, and do use, Eqn.(8) . 
Note that for this equation of state the speed of sound is 

equal to that of light. 
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. . .  
IV. Relativistic Restrictions on the Equation of State 

The equation of state must always 

satisfy covariance requirements. In particular, for very large 

n, P a ns, with s > 2, is not permitted; otherwise Vsound > c. 

Within this framework it is arguable that the equations given in 

c) and d) above are quite simple and have some justification from 

elementary particle theory. Their simplicity, and the radical 

differences in the dependence of P on n between them, make the 

unusually similar results for a) , c) , and d) (see Zel'dovich 1961) 

interesting. 

V. Results 

a. The Eqns.(4) were integrated nderically for 15 - 20 
values of to, for each equation of state, on a 7094 computer, The 

initial conditions (Eqns.(5)) define the starting values, except 

in the case of infinite central density (see below); the integra- 

tion is stopped when t = 10- 

point are M and R. 

3 
to. The values of u and r at this 

U Note that we take - = 1 and y = 3 respectively, and that no 
B 

values of to which would make P(to) > c(to) are used in the second I 

equation of state. 
I 

The results are given in Fig. 1. and in the Table, The last 
I 

value is also that for infinite density, except for the second I 

equation of state, in which it is the last solution for which I I 
I 

P(tJ < c(t0). 
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b. I n f i n i t e  d e n s i t y  s o l u t i o n s .  It i s  p o s s i b l e ,  as Oppen- 

heimer and Volkoff showed, t o  i n t e g r a t e  t h e  equa t ions  even i f  t h e  

c e n t r a l  d e n s i t y  i s  i n f i n i t e .  W e  o b t a i n  i n  t h e  s e v e r a l  c a s e s  t h e  

s o l u t i o n s :  

- i i) 

(See above: P( to) > e (to) is  no t  permi t ted)  

zr I 2  I . -  - e  e -  - -  - -  
h - ?q ’ h a  54r p iii) 

5th 

These are taken  i n  a l l  cases as being a c c u r a t e  o u t  t o  va lues  of 

r such tha t  t = 30, and t h e  i n t e g r a t i o n  i s  done numerical ly  from 

t h a t  p o i n t .  

V I .  Discussion 

The genera l  c h a r a c t e r  of t h e  M v s ,  to curves ,  F ig .  1 ,  i s  t h e  

s a m e  f o r  t h e  f i r s t ,  t h i r d ,  and f o u r t h  equat ions  of s t a t e .  W e  

have a gradual  r ise  t o  an abso lu te  maximum around to = 2.5 - 3, 
a d e c l i n e  t o  a r e l a t i v e  minimum between 5.5 and 6.0, a r ise  t o  a 

r e l a t i v e  maximum between 7.5 and 11, and a d e c l i n e  t o  t h e  i n f i n i t e  

d e n s i t y  s o l u t i o n  Galue, which is  a t t a i n e d  ( t o  t h r e e  s i g n i f i c a n t  

f i g u r e s )  b e t w e e n  1 0  and 20, 



The behavior of R as a function of t for each equation of 
0 

state is quite similar to the curves la and 2a of Figure 2 of 

the paper by Arbartsumyan and Saakyan (1961). 

We see that, except for the second equation of state (which 

for large t is unphysical), the M vs. to curves are quite simizar. 

The features present in the solution curve for the simplest possi- 

ble case (Oppenheimer and Volkoff) are present in the others also. 

In particular, there is an absolute maximum and a second relative 

maximum. One might think that this would indicate the presence of 

a second stability region from the first minimum to the second 

maximum: wherever the slope of the M versus to curve is positive 

the configuration should be stable. However, Misner and Zapolsky 

(to be published), following an earlier work by Chandrasekhar(l964 a) 

have shown that the equilibrium, for polytropes, is unstable in 

this range of values of the density. This result was also obtained 
by Chandrasekhar in a later addition (196433). 

Of course the existence of an absolute maximum for a given 

equation of state has the consequences pointed out by Oppenheimer 

and Volkoff (1939). No stable configuration is possible for 

M > A star having a greater mass must lose part of it by 
I .  

some mechanism or collapse towards the Schwarzchild singularity. 

VII. Comparison with Previous Work 

First equation of state: The curve of M vs. to does not agree 
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V I I I .  Bindins Enerqies 

I W e  have also c a l c u l a t e d  t h e  q u a n t i t y  . 

( e . g .  Oppenheimer and Volkoff 1939;SaakYan 1963) 
w i t h  any publ ished works , b u t  SaakYan's (1962) comments  s e e m  t o  

i n d i c a t e  t h a t  he i s  aware t h a t  t w o  r e l a t i v e  m a x i m a  must e x i s t  i n  

t h i s  case also.  S l i g h t  d i f f e r e n c e s  w e r e  found between t h e  masses 

and r a d i i  Oppenhe of im7 o u r  va lue  fo r  t h e  m a s s  f o r  to = CD 

does n o t  agree  with 1 
value  given i n  Saakyan. 

and Volkof f (1939) 
and ou r s .  

Oppenheimer and Volkoff (1939) 
, b u t  seems t o  be very  close t o  t h e  

N o t e  t h e r e  cannot be any s t a t i c  approach 
( i963)  

t o  i n f i n i t e  d e n s i t y  s i n c e  maximum occurs  before r e l a t i v e  maximum. 

(See Zel 'dovich  1959.) 

Second equat ion of state:  W e  confirm t h e  r e s u l t s  of Saakyan (1963) 

b u t  n d e r i c a l  comparison could not  be made, s i n c e  Saakyan gave 

no table. Cer ta in  d i s c r e p a n c i e s  exist  between Cameron's(l959) r e s u l t s  

and o u r s ,  inc luding  one ( fo r  p = 3x10'~ c.g.s . )  i n  a r eg ion  where 
C 

Saakyan says  h i s  and Cameron's w e r e  i d e n t i c a l .  N o t e  t h a t  Saakyan 

does n o t  i nc lude  one of Cameron's p o i n t s  i n  h i s  graph,  v i z .  

= 2 x 1 0 ~ ~  = 1.258)  . 
PC 

A Table is appended g iv ing  R,  M, and MN (see b e l o w )  for  each 

model and for each va lue  of to . 

where n i s  given by Eqn.(G), fo r  a l l  t h e  models except  t h e  i n f i n i t e  

d e n s i t y  ones. The column Ma i n  t h e  Table gives t h e  va lues  of uN(R) 

i n  solar  m a s s  u n i t s .  



MN is simply the total rest mass of the baryons composing the 

star. If MN - M is positive, we have binding, and conversely. The 

Table shows that, roughly speaking, for to somewhat past the first 

maximum, the configurations are unbound. 
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Figure  Caption 

F iqu re  1. 

1) F i r s t  Equation of S t a t e ,  Eqn,(lO) 

2 )  Second Equation of S t a t e ,  Eqn . ( l l )  

3 )  Third Equation of S t a t e ,  Eqns.(19-21) (a = 1) 

4) Fourth Equation of S t a t e ,  Eqn.(24) ( Y  = 3)  

P 
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